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ABSTRACT
The maximal energy an ion can gain from a discrete spectrum of electrostatic waves propa-
gating perpendicularly to a uniform magnetic field is investigated. In the case when the wave
spectrum contains at least two on-resonance waves, the ion is shown to reach energies which
are much higher than in the case of one wave. When the ion energization is enhanced, even
when the ion motion is not coherent, the ion orbit remains close to orbits found from a first
order perturbation analysis. This implies that, unlike in the case of a single wave, the ion
can reach high energies regardless of how small the wave amplitudes are. The dependence
of the ion energization on the wave spectrum characteristics is described in great detail by
deriving the extent, in action, of the first order orbits, and the way these orbits may connect.
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I. INTRODUCTION
This paper analyses the dynamics of an ion acted upon by a discrete spectrum of elec-
trostatic waves propagating along the same direction and perpendicularly to a uniform and
static magnetic field once the ion orbit has reached the chaotic domain of phase space. The
emphasis here will be on the maximal energy an ion can gain from the waves. It will be shown
that this maximal energy can be much higher in the case of multiple waves than in the case
on only one wave. The ion energization is enhanced when the wave spectrum contains at least
two on-resonance waves (i.e. waves whose frequencies are an integer multiple of the cyclotron
frequency) whose amplitudes are appreciable compared to the amplitudes of the other waves
of the spectrum. In this case, although the ion motion cannot be considered as coherent, it
is nevertheless dominated by the orbits found from a first order perturbation analysis. The
maximum energy an ion reaches is shown to depend strongly on the action space extent of
these first order orbits, and on the way these orbits may connect. The action space extent
of the first order orbits, derived analytically in section III, is shown to be directly related to
the on-resonance wave frequencies. A change in the on-resonance wave numbers is shown to
modify the ability of the first order orbits to connect. As a result, the ion energization can
be dramatically enhanced by choosing the wavenumbers in an appropriate way.
Although this paper will remain on a purely theoretical stage, the results reported here
directly apply to the understanding of recent results regarding the transverse acceleration
of ions in the ionosphere.' In particular, the energies measured for the H+ ions cannot be
explained through a single wave analysis and the acceleration mechanism described here is
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required to provide the H+ ions with such energies. The application of the theory to the
transverse acceleration of ions in the ionosphere will be reported in a forthcoming paper.2
The paper is organized as follows, in section 2 we re-state the Hamiltonian formulation
of the dynamics and the known results in the one-wave case. Section 3 describes the en-
hancement in the ion energization in the case of many on-resonance waves. The basic results
are obtained in the case of two waves and then generalized in the case of an arbitrary wave-
spectrum. In section 4 we show that the results obtained in the case of on-resonance waves
apply to a wave-spectrum which contains a mixture of on and off-resonance waves. The last
section summarizes the results.
II. HAMILTONIAN FORMULATION AND RESULTS OF THE ONE-WAVE
CASE
As shown in Ref. 3, the motion of an ion of mass m and charge q in a uniform mag-
netic field B = Boi, and being perturbed by a spectrum of electrostatic waves E =
j Ef= Ei sin(kix - wit + p), can be derived from the Hamiltonian
N
H = I+ F 6 cos(rip sin 6 - vir +<pi) (1)
i=1i
In (1), I and 0 are the normalized action-angle variables of the zero electric field case, whose
definitions can be found in Ref. 3, p = V f is the normalized Larmor radius, ri = ki/ki,
Vi = wi/Q (where Q is the ion cyclotron frequency), and ei = (kiqEi)/(mI 2 ).
In the case when the electric field is composed of only one wave whose frequency is above
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the cyclotron frequency, it has been shown in Ref. 4-7 that an ion can be energized only if its
dynamics is chaotic. When the wave frequency is not an integer multiple of the ion cyclotron
frequency (off-resonance case), it has been shown in Ref. 4,5 that chaotic dynamics requires
a threshold in field amplitude be exceeded, given approximately by:
6 > Ct ': V23/ (2)
The stochastic phase space is bounded from both below and above in action; the lower bound
of the stochastic region corresponds to
p ~ V - F6 (3)
while the upper bound of the chaotic domain is estimated to correspond to
p za (4eV)2/3(2,r 1/3 (4)
Since the acceleration of ions by a single wave can only be stochastic, (3) yields the minimum
energy an ion needs to have in order to be accelerated by the off-resonance wave, while (4)
yields the maximum energy the ion can reach through the stochastic acceleration.
When the wave frequency is an integer multiple of the ion cyclotron frequency (on-
resonance case), although the ion dynamics is qualitatively different from the off-resonance
case, the estimates (3) for the lower bound of the chaotic domain and (4) for the maximal
energy an ion can reach remain, in practice, valid. 6 8
4
III. HIGH ION ENERGIZATION IN MULTIPLE ON-RESONANCE WAVES
In this section we focus on ion dynamics in multiple on-resonance waves in the case when
the ion is in the stochastic region of phase space. This happens when either the ion initial
condition is in the chaotic domain, or when the ion has been coherently accelerated into
the chaotic domain according to the mechanism described in Ref. 3. We show that an ion
reaches much higher energies in the case of many on-resonance waves than in the case of
one wave, for the same values of the wave amplitudes. This can be seen for example in Fig.
1, plotting the Poincar6 section of the dynamics of an ion acted upon by two on-resonance
waves. In the case of Fig. 1, the ion reaches a maximum energy which is about 5 times
higher than the estimate (3)corresponding to the case of one wave. Moreover, although the
ion motion is not regular, the phase space is not quasi-uniformly visited as would be the case
if the acceleration was purely stochastic. As we will show below, this happens because the
ion orbit remains close to the orbits obtained from a first order perturbation analysis of the
Hamiltonian (1). This implies that, over a wide range of values of the wave amplitudes, the
energy gained by an ion is directly related to the action space extent of the orbits found from
a first order perturbation analysis. Hence, these first order orbits rule transport although
the ion motion is not regular. Therefore, we study in this section the first order orbits, in
order to deduce the energy an ion gains from the waves as a function of the wave-spectrum
parameters. The basic results are obtained in the case of two on-resonance waves and are
then generalized to an arbitrary discrete spectrum of on-resonance waves.
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A. Enhancement of the ion acceleration with two on-resonance waves
1. Numerical illustration of the enhancement of acceleration
In this subsection we investigate the dynamics of an ion in two on-resonance waves: wI/=
ni and w2/0 = n 2 are integers, in the particular case when p > max(ni, n 2 ). In such a case,
whenever a perturbation analysis is relevant to describe the ion dynamics, the first order
term dominates. When the wave amplitudes are small, the Hamiltonian, f, obtained after a
first order perturbation analysis describes very accurately the dynamics of the Hamiltonian
(1), as is illustrated in Fig. 2 and 3. Fig. 2 shows a Poincar6 section of the Hamiltonian
(1) when el = E2 = 0.324, while Fig. 3 shows the orbit of f corresponding to the same
parameters as in Fig. 2. One can clearly see that for these values of the wave amplitudes,
the orbits obtained from H or from H are close to each other. One can also see in Fig. 2 that
an ion can reach an energy which is about 30 times higher than its initial energy. Hence, the
ion is highly energized. One off-resonance wave having an amplitude and a frequency of the
same order would not energize the ion at all, because the corresponding value of 6 is below
the stochastic threshold as estimated by (2).
When the two on-resonance wave amplitudes are increased by one order of magnitude,
the ion orbit is the one shown in Fig. 1. It is thus very different from the one shown in
Fig. 3 and obtained using perturbation theory. Nevertheless, the maximum energy reached
by the ion is of the same order of magnitude in the case of Fig. 1 as in the case of Fig. 3.
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Therefore, even if the perturbation analysis is unable to provide an accurate description of
all the details of the dynamics, it nevertheless provides the good order of magnitude of the
amount of energy gained by the ion. Actually, solving Hf = const does not provide only one
orbit but a whole set of orbits, as can be seen in Fig. 4. When the wave amplitudes are
high enough in (1), some stochastic layers form about the first order orbits, allowing their
interconnection. In the case of Fig. 1, 4 orbits are connected, which makes the ion orbit go
a bit higher in action than in the case of Fig. 2. Nevertheless, it is clear that in the case of
Fig. 1 also, the amount of energy gained by an ion is determined by the extent, in action, of
the first order orbits. Therefore, increasing the wave amplitudes form e = 0.324 to e = 3.24
does not drastically change the ion energization.
As the wave amplitudes is increased to beyond the threshold value given by (2), we find
that an ion initially undergoes purely stochastic acceleration bringing it up to energies of the
same order as for one wave. The ion then gains additional energy by following the first-order
orbits similar to those in Figs. 1 and 2. If the wave amplitudes are so large that the upper
bound of the stochastic region, given by Eq. (4), exceeds the the energy extent of the first
order orbits then the energy gained by an ion is of the same order as for the case of one wave.
Hence, we now focus on wave amplitudes for which transport is dominated by the first order
orbits.
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2. Analytical study of the dependence of the acceleration mechanism on the wave charac-
teristics
As shown in the previous subsection, the key point to understanding the enhancement of
acceleration by two on-resonance waves is to calculate the extent, in action, of the first order
orbits. In this subsection we evaluate the excursions in action of the first order orbits as a
function of the wave spectrum characteristics, and from this deduce the ion energization.
The perturbation analysis is performed using the formalism of the Lie transform8 9. To
first order in the wave amplitudes, it is readily found that (1) is transformed to
fl = + e1Jn, () cos[n( -r) + W11+ -2 J2 cos[n 2(i - r) + W2I (5)
The original variables (1,0) are related to the new variables (1,0) by
E mJ( ) cos(mj - nir) + E mJm(xp) cos(mj - n2 T) (6)
mnl ni - m mKn2 (n 2 - m)
S= # - "Jn() sin(m# - niT) _ e2 Jm(Kp) sin(m# - n27) (
Pmsn ni -m 2-M n 2 -7mm~n P m~n2
where Jm is the Bessel function of order m, and the prime denotes the derivative with respect
to the argument of the function.
We then define the canonical change of variables (I, #) -* (J, ) using the generating function
F = J(# - r) which yields J = 1, and t = 0- r. In variables (J, 'i), (5) is changed into
J. 2 (Kb)H = e Jn, (p) cos[nli + Vi] + 62 2 cos[n 2i + W21 (8)K
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Making a large argument expansion of the Bessel functions valid when # >> max(ni, n 2 ),
(8) is changed into
6t ~ - cos( - n7r/2 -7r/4) cos(ni +P1)
+_ -2 /cos(K - n27r/2 - 7r/4) cos(n2A + 'P2) (9)
K3/2 cosrc
Using the approximation (9) for fl, we now solve ft = 0. As will be shown, this analytic
calculation completely accounts for the numerical results described in the previous subsec-
tion. Physically, taking the constant equal to zero corresponds to a case where the initial
condition is below the stochastic region, because when po < min(ni, n2 ) the values of Jn, (po)
and Jn2 (po) are much less than the values assumed by Jn1 (p) and JA2(p) over a large part of
the region of phase space above the chaotic domain.
For the sake of clarity we first consider the solution of ft = 0 for r = 1. When n2 =
ni + 2p + 1, and when cos[(ni + 2p + 1)i + 'P2] : 0, ft = 0 in (9) is equivalent to
tan(R) = (-1)(P+1)'61 cos[niti + (p1] (10)
62 cos[(ni + 2p + 1)4 +P2] (
where R = - ni7r/2 - 7r/4. Since changing $ into 4 + 7r does not change the right-
hand side of (10), we study this equation only over an interval of amplitude 7r in 4. In
between 2 zeros of cos(nii + 'pi) there is at least one zero of cos[(ni + 2p + 1)4 + p21.
This implies that when $ varies over the interval Im = (7/2-V + m"-, 7/2-V + (m+ i.e.
between 2 zeros of cos(n 1i + 'p1), then the right hand side of (10) runs over the whole
interval (-oo, +oo). Consequently, R changes by ±7r. In other words, a change by 7r/ni
9
in the angle induces a change by ±7r in the normalized Larmor radius. If, in the interval
+= /-+ (m+1r , 2-* + (" n ), the number of zeros of cos[(ni + 2p + 1)4) + 02]
r1m+1p + I12
different from ( + ('" ni) is odd, then R changes in the same way in Im as in Im+i: if
R changes by +7r in Im it also changes by +7r in Im+1 and if it changes by -7r in Im it also
changes by -7r in Im+1. Conversely, if in Im+1 the number of zeros of cos[(n1 + 2p+ 1)4 + W2]
different from (wI2-i + ("1 ) is even, then R changes in opposite ways in Im and in I,,+.
Clearly, the most interesting case for acceleration is when the range of Larmor radius spanned
by an orbit solution of (10) is maximum, i.e. when there exists an interval of amplitude 7r
in which there is always an odd number of zeros of cos[(n1 + 2p + 1)4) + V2] between 2 zeros
of cos[n14P + p1]. In this case, the ion Larmor radius changes by an amount of the order of
n1 7r. This happens for example when the wave frequencies are separated by one cyclotron
frequency, i.e. n 2 = ni + 1. The zeros of cos[n 1 4i + W1] are 4im = (7r/2 - cp1)/ni + mir/n,
while the zeros of cos[(n 1 + 1)4 + 02] are 4' = (7r/2 - V2)/(n, + 1) + m7r/(ni + 1). Clearly
the number of 4''s between two im's does not depend on the initial phases W, and o2
except when they are such that one V' is equal to one 4im. Nevertheless, with probability
one on the phase realizations, this does not happen. We can thus restrict ourselves to the
case when cp1 = V2 = 0. Then, it is clear that in [0, 7r] there is always one i' between
two 4 m's, and R is thus a monotonic function of 4) over [0, -7r]. Therefore, when acted upon
by two on-resonance waves whose frequencies are separated by one cyclotron frequency, an
ion experiences a variation in its Larmor radius close to nitr. For example, in the case of
Fig. 2, the minimum value of the Larmor radius is Pmin ~ 5 and the maximum value of
the Larmor radius is Pm, ~ 40, while n1 7r = 97r ~ 28. The slight discrepancy between the
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analytical prediction and the numerical result only comes from the lack of accuracy in the
large argument expansion of the Bessel functions.
If the initial phases W1 and W2 are such that one ' is equal to one 4, the only
consequence is that the ion Larmor radius varies by (n, - 1)7r instead of n1 7r. Hence, the
choice of the initial phases is not important in the acceleration mechanism.
When n2 = ni + 2p then from (9), in the case K = 1, H = 0 gives
(e1 + (-1)pe2) cos(R)[cos(n14 + p1) + cosl(ni + 2p)$ + V2)] = 0 (11)
Solving (11) yields R = 7r/2 + m7r or [cos(n14 + 91) + cos[(ni + 2p)4 + W2)] = 0. Therefore
the result consists of a set of rectangular cells, similar to the ones obtained in the case of
one on-resonance wave. Nevertheless, the large argument expansion of the Bessel functions
is not precise enough to recover the result that would be obtained by using the formula
(8) for H. Actually, an ion can reach about the same energy when n 2 = nj + 2p as when
n2 = ni + 2p + 1, as can be seen in Fig. 5. In the case of Fig. 5 the ion motion is also
dominated by the first order orbits. The ion orbit does not uniformly visit the phase space
but rather follows the paths drawn by the first order orbits which let the ion reach energies
as high as in the case when n 2 = nj + 2p + 1, and which correspond to an increase of p of
the order on n1 7r.
We now turn to the case when the wavenumbers are not the same, i.e. n = k2/k1 # 1.
We focus on the case when n2 - ni = 1, and ei = E2 as this corresponds to the case of
maximum acceleration. As noted earlier, we can set 01 = 02 = 0 without loss of generality.
11
Then, using (8), HI = 0 gives:
J, ( ) cos[n'i] + n + 4 cos[(n, + 1)4] = 0 (12)
In order to study the variations of with t, we differentiate (12), which yields
dcI {J'1 (,) cos[nf14] + J'1+1(Kp) cos[(ni + 1)']}
-d4 n1J,( ) sin[ni4]+ (nj + 1) Jnf1+l sin[(n + 1)i] =0 (13)
From (12) and (13) it is easy to see that the orbit p(4) has a horizontal tangent, i.e. d/d4 =
0, if and only if i is an integer multiple of 7r, or Jn, (0) = Ji. 1 (r.) = 0. Note, however,
that with probability one on ., this latter condition is not fulfilled.
When K 0 1, the orbit (4) may have vertical tangents. Using (12) and (13), and making
a large argument expansion of the Bessel function, we find that this happens when
r cos(r. - n17r/2 -7r/4) cos(0- n1i7r/2 -7r/4) +sin(KsO-n 17r/2-7r/4) sin(O-n 17r/2 - 7r/4) = 0
(14)
In order to find the values of K allowing (14), we denote n = 1+3 and R = -n 1 7r/2 - 7r/4.
Then (14) is equivalent to
cos(O) + J cos(R) cos(R + JO) = 0 (15)
Because I J cos(R) cos(R + O) 151 J 1, if 3 J I< 1 then, on the interval[0, arccos(I J 1)/ | J 1),
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cos(6 ) +6 cos(R) cos(R + 6 ) > 0. Therefore, on an interval of amplitude arccos(I 6 1)/ 1 6 1
in p, the orbit solution of H = 0 does not have any vertical tangent. Moreover, if 1 6 1<< 1,
then, as for the case when n = 1, a variation by 7r/ni in 4 induces a variation by t7r in .
Hence, if the orbit does not have a vertical tangent, its extent along the p-axis is of the order
of nj7r. In other words, if the orbit does not have any vertical tangent when p E [0, ni7r],
then it does not have any vertical tangent at all. As we showed that the orbit does not have
any vertical tangent when 3 E [0, arccos(I 6 1)/ 1 6 1], the condition on 6 for the orbit to have
a vertical tangent is arccos(I 6 I)/ 1 6 1 n17r. The minimum value of I r - 1 1 allowing a
vertical tangent is thus of the order of 1/(2n,). Therefore, if I X - 1 j< 1/(2n,), the orbit
solution of H = 0 does not have any vertical tangent, and the situation is similar to the case
when r, = 1: the extent of the orbit along the n-axis is of the order of n1 7r.
If I n - 1 j> 1/(2n,), some orbits solution of H = 0 have vertical tangents which implies
that they never go through l = 0 nor 4 = 7r. In a case where Jn1 (p) and J 1 +1 (iv,) have
no common zeros, these orbits have no horizontal tangents. Consequently, they can reach
infinite values of . Nevertheless, this does not happen to the actual orbits of the Hamiltonian
(1). The reason is that these orbits remain close to orbits of H = C, where C actually is a
non-zero constant. When solving numerically H = C, we find that the corresponding orbits
indeed have horizontal tangents for values of i different from 0 or 7r, as can be seen in Fig.
6. If C corresponds to an initial condition which is below the stochastic domain, then, as
already mentioned, C is very small compared to the values of the Bessel functions over a
large part of phase space above the chaotic region. Therefore, we expect the results obtained
from H = 0 to have some relevance. In particular, we expect the orbits solutions of H = C
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to have horizontal tangents either when 4 is an integer multiple of 7r or when 0 is such that
J,1 (p) ~ + 0. Indeed, one can see in Fig. 6 that the orbit solutions of f = C have
horizontal tangents for values of I close to 1260 and values of (i different from 0 or ir, while
in this case J,,(0) = 0 for I = 1262 ± 1 and J 1,+1(i.) = 0 for I = 1263 ± 1. Hence, when
I . - 1 1> 1/(2n,), the extent of the orbits of H in action does not correspond to A ~ n17r
but are related to the lowest value of 0 such that both Jn(O) and Jn1 +I(nP) are close to
zero. In the remainder of the paper, this value will be referred to as the first common zero
of Jn, (0) and Jn1+1(4p) . However, in all the simulations we performed, this value was of
the order of n1 7r and one can see that the orbits of Fig. 6 do not go much higher in action
than the orbits of Fig. 4.
When numerically plotting a Poincar6 section of the dynamics defined by (1), for the
same parameters as in Fig. 6, one can see that the maximum action reached by an orbit of
(1) also corresponds to I ~ 1260 (see Fig. 7). Therefore, in the case of Fig. 7, the maximum
energy reached by an ion is fixed by the first common zero of Jn() and Jn1+i(Kp).
Making a large argument expansion of the Bessel function in the Hamiltonian (12) shows
that H is almost periodic in 0. This implies that the whole set of orbit solutions of H = const
actually extends up to = +oo. In Fig. 6 we only plotted the set of orbits corresponding to
values of going from 0 to the first common zero of Jn, (0) and Jn1 +1 (KO). However, there is
a second set of orbits of A corresponding to values of going from the first common zero of
Jn, (0) and Jn1+1 (n ) to their second common zero. And, in general, there is a set of orbits
corresponding to values of going to the 1"h common zero of Jn() and Jn,+1(K.) to their
(1 + 1)th common zero. Hence, the maximum value of p reached by a given set of orbits
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is very close to the minimum value of A of the following set. This implies that the orbits
of each set may easily connect through the stochastic layers which exist in the case of the
dynamics of (1). If such a connection takes place, then the maximum energy reached by an
ion can be much larger than in the case of Fig. 5 or Fig. 1. This is the case for example
when nj = 9, n2 = 10 and n = 1/v/2. Figure 8 plots the solution of fI = const where the
constant corresponds to an initial condition where 1(0) = 32 and <)(0) = 0.941r. One clearly
sees in Fig. 8 the different sets of orbit solutions of H = const, and one can also see that
these sets of orbits can easily connect until a value of I close to 6300. When plotting the
Poincard section of the dynamics of (1), for the same parameter as the ones of Fig. 8, one can
see that the maximum energy reached by an ion corresponds to an action close to 6300 (see
Fig. 9). Hence in the case of Fig. 9, the maximum energy reached by an ion is not related
to the position of the first common zero of J ( ) and Jn1 +1 (K;), but to the ability of the
different orbits solutions of H = const to connect. Actually, the value of the first common
zero of J,1 (A) and J,1+1 (r.0) is about the same in the case of Fig. 7 as in in Fig. 9.
However, the situation presented in Fig. 9 is rather atypical. Typically, an ion reaches
maximum energies which correspond to Ap ~ n 17r, as in the case when K = 1.
B. Enhancement of the ion acceleration in a discrete spectrum of on-resonance
waves
In this subsection, we show that the enhancement of the ion acceleration, described in
the previous section for two on-resonance waves, exists in a more general spectrum of on-
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resonance waves. Moreover, the typical maximum energy reached by an ion is shown to be
the same as for two waves, and corresponds to Ap n- nj7r.
We thus study the dynamics defined by (1) where all the vi's are integers, and we thus use
the notation w:/i = ni. As in section III.A, we perform a first order perturbation analysis
which yields the perturbed Hamiltonian
N
R = J ,,(np) cos(nii + (pi) (16)
i-
We will not try here to perform a general analytical study of the solutions of H = 0, as we
did for two waves. Instead, we will show that the concepts and results obtained in the case
of two waves also apply to the case of more than two waves.
In particular, let us consider the case when the wavenumbers are identical. Then, by
making a large argument expansion of the Bessel function, we find that solving f = 0 leads
to
t( =" 1=(-1)i2+l cos(n 2i+14 + 2i+1) (17)
ttn 1(-1)'62i cos(n 2i'$ + P2)
where ni = ni + i - 1, q = p = (N - 1)/2 if N is odd, and q = p + 1 = N/2 if N is
even. Let K(4) be the numerator of the right-hand side of (17). Then, finding the zeros of
K(Z) amounts to finding the zeros of a polynomial of degree 2n + 4p + 2 in e'4 . Therefore,
K(l) has at most 2n + 4p + 2 zeros in [0, 27r). As (Z + 7r) = (-1)"+1K(i ), K(j) has at
most n + 2p + 1 zeros in (0, 7r). For values of 4 which are not an integer multiple of ir/ni,
f(4) = 0 is equivalent to tan(ni4) = g($), where g(4) is a function that can be readily
found by expanding the cosines in K(f). Therefore, K(f) has at least nj zeros in [0, 7r).
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Similarly, one can show that the number of zeros of the denominator of the right-hand side
of (17) is larger than ni + 1 and smaller than nj + 2q. Therefore, when the total number
of waves is not large compared to ni, the situation is similar to the two waves case, and an
ion is expected to reach a maximum energy corresponding to a variation of the normalized
Larmor radius of the order of n1ir. Moreover, as in the case of two waves, the amount of
energy gained by an ion depends on the parity of the number of poles of the right hand side
of (17) between 2 of its zeros. The energization is maximum when there is an odd number
of poles between 2 zeros.
In Fig. 10 we plot the solution of H = const in the case of four waves having all the
same initial phases but slightly different amplitudes and wavenumbers. One can see that the
orbits plotted in Fig. 10 for the case of four waves reach energies of about the same value
as the orbits plotted in Fig. 4 for the case of two waves, except for values of <~ close to 7r.
Therefore, depending on the initial condition, stochasticity may be necessary for the ion to
be highly energized. Nevertheless, for amplitudes of the same order as the ones chosen in
the case of two waves in section III.A, an ion reaches energies of the same order as in the
case of Fig. 1 for two waves, as can be seen in Fig. 11. Moreover, by comparing Figs. 10 and
11, it is clear that in the case of more than two waves the ion motion is also dominated by
the orbits found using a first order perturbation analysis.
When the wavenumbers are different, then, as in the case of two waves, an ion may reach
very high energies through the connection, due to stochasticity, of different sets of first order
orbits. Such a situation is illustrated in Fig. 12.
In conclusion, we find that all the results derived in the case of two waves also apply
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for more than two waves. This implies that, in the case of more than two waves, the
typical maximum energy reached by an ion also corresponds to Ap ~ njir. However, by an
appropriate choice of the wavenumbers one can make an ion experience a variation in p much
larger than n17r. In this case, the ion energization occurs mainly through the connection of
first-order orbits.
Contrasting our results with previous works, we note that in Ref. 7, the acceleration of
ions through patterns in phase space has been investigated in the case of one on-resonance
wave, and in the case where the electric field is an infinite sum of on-resonance waves:
E = iEo, =-. sin(kx - wt - iAwt). In Ref. 10 and 11, the same kind of electric field is
assumed, but the effect of a finite number of waves is investigated. In the case of one wave,
as already mentioned, stochasticity is essential to energize ions. Therefore, the acceleration
mechanism is different from the ones given here. In the case of many waves, for the partic-
ular electric field assumed in Ref. 7,10,11, stochasticity also seems to be essential, so that
the results obtained are quite different from the ones presented here. In particular, in Ref.
7,10,11 no mention is made about a typical energy reached by the ions. Moreover, as all
the waves have the same wavenumber in Ref. 7,10,11, the effect presented in Figs. 8 and 12
could not be found in previous studies.
IV. ENHANCEMENT OF ACCELERATION WITH A DISCRETE SPECTRUM
OF ON AND OFF-RESONANCE WAVES
In this section we numerically check that the enhanced acceleration described in the case
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of on-resonance waves also exists in a wave spectrum composed of a mixture of on and off-
resonance waves. We first show that the enhanced acceleration exists in the case of two
waves where one wave is on-resonance and the other wave is slightly off-resonance. We
then show that the enhanced acceleration also exists in the case of three waves where two
of them are on-resonance and the third one is off-resonance. Moreover, we show how the
maximum amplitude of the off-resonance wave that will allow the enhanced acceleration can
be estimated.
In section III, we showed that the enhanced acceleration was linked to the nature of the
orbits of the Hamiltonian k deduced from (1) by a perturbation analysis to first order in
the wave amplitudes. As shown, an ion is highly energized when following the orbits of H
only if there are at least two on-resonance waves in the wave spectrum. However, for the
same reasons as the ones developed in Ref. 3, when one off-resonance wave frequency is very
close to an integer multiple of the cyclotron frequency, its contribution to H can no longer
be neglected. In particular, let us consider the case of two waves such that one of them
is on-resonance, and the other one is slightly off-resonance. Let the first wave frequency
be such that w1/, = ni, where ni is an integer, and the second wave frequency be such
that w2 / = n2 + 5v, where n 2 is an integer and 5v << 1. Then, it is always possible to
define a canonical change of variables such that at first order in the wave amplitudes, the
Hamiltonian (1) is transformed into
E2H = e1 Jn,( ) cos(n,4 + wp) + -Jn 2 (K) cos(n 2i - Svr + W2) (18)
The Hamiltonian (18) can be considered as constant for a time of the order of 27r/bv. Hence,
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during the time 21r/bv, the orbits of f are very close to the ones obtained by setting cz = 0
in (18). Therefore, if 27r/6v is larger, or of the order of, the time needed for an ion to be
energized when J- = 0, then it is clear that the enhanced acceleration described in section
3 still exists even when Jv # 0. This is confirmed numerically as we find that in the case of
two waves such that w1 /Q = 9, U2/11 = 10.03, k, = k2 , and ei = 62 = 0.81, the maximum
action reached by an ion is Imx ~ 930, which is of the order of the one reached in the case
of Fig. 1. Therefore, the enhanced acceleration can take place even if there are less than
two on-resonance waves in the wave spectrum.
Now, let us consider the case of three waves such that two of them are on-resonance, and
the third one is so radically off-resonance that it plays no role in the Hamiltonian k derived
using a first order perturbation analysis. In this case, the enhanced acceleration can still be
observed, as can be seen in Fig. 13. Actually, there is an upper bound in the off-resonance
wave amplitude for the enhanced acceleration to remain, as is shown in Fig. 14. The off-
resonance wave amplitude has to be small enough so that k still has some relevance to
describe the dynamics of (1). For the case corresponding to Figs. 13 and 14, we numerically
find that the upper bound for the off-resonance wave amplitude is close of eff = 2.12, while
the amplitude of each on-resonance wave is e, = 0.2592. Actually, when performing the
perturbation analysis up to second order it has been shown in Ref. 3 that the off-resonance
wave induces a stabilizing term at second order. This term was denoted by C2 f S,1 () in Ref.
3. In the case when (Coff/e.) 2 >> 1, which is the only case considered here, only the term
eoff )S, () gives a significant contribution to second order. Therefore, in the three waves case
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considered here, the Hamiltonian obtained after a second order perturbation 
analysis is
f 2 ~ Eon fJ,1( ) cos(nii + (pi) +L ( ) cos(n2i + p2) + 62 9
If we denote by R() = (e2gf/EOn)Sj(f)/(jnj|+ IJn2/KI), then, from (19), it is clear that
an orbit solution of H 2 = 0 cannot reach values of f such that [R() I > 1. Actually, the
Hamiltonian (19) is relevant to describe the dynamics of (1) for values of f larger than 
the
upper bound of the chaotic domain. Hence, beyond the chaotic domain, 
an orbit of (1)
cannot reach values of p such that JR(p) > 1. The enhanced acceleration thus disappears
as soon as IR1 can assume values larger than unity beyond the chaotic domain. Therefore,
the maximum value e ff allowing the enhanced acceleration is predicted to be such 
that the
maximum of I R(p)1, corresponding to values of p larger than the upper bound of the chaotic
domain, would be unity. In the case of Fig. 14, the maximum value of 
the action reached by
an ion is Ima ~ 325. The corresponding value of p, pm. = VIm,, indeed 
corresponds to
a relative maximum of JIR and, for the values of the wave amplitudes 
chosen in the case of
Fig. 14, IR(p,.z) I:= 1. This confirms our analytical prediction. In a more general case, with
several on and off-resonance waves, following the same lines as for the case of three 
waves,
we deduce that for the enhanced acceleration to remain, the absolute value 
of the stabilizing
term coming from the second order must not exceed the maximum absolute 
value of the first
order term.
In conclusion, we have shown that the enhanced acceleration described 
in Section III is
not restricted to the case where the wave spectrum is only composed of on-resonance 
waves.
This shows the generality of the phenomenon of enhanced acceleration by 
multiple waves.
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V. CONCLUSION
In this paper we have shown that multiple electrostatic waves propagating across a uni-
form magnetic field are more effective in energizing ions than a single wave. Indeed, the
maximum energy an ion reaches can be much higher in the case of multiple waves than in
the case of one wave, for the same wave amplitudes. When the energization is enhanced, the
ion orbit follows a path that can be deduced from a first order, in wave amplitudes, pertur-
bation analysis. Therefore, the ion acceleration is not determined by stochasticity but by the
nature of the first order orbits. Studying the first order orbits allowed us to determine how
the ion energization depends on the wave spectrum parameters. In parcticular, we showed
that a variation in the wavenumbers could induce a dramatic increase in the ion acceleration
by allowing the first order orbits to connect. However, we showed that there is a typical
maximum energy reached by an ion, corresponding to an increase in the ion Larmor radius
close to (7rwi)/(kQ), where k is a typical wavenumber, w, is the lowest frequency, and Q is
the cyclotron frequency. This typcal maximum energy corresponds to the typical extent, in
action space, of a first order orbit.
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FIGURE CAPTIONS
Figure 1: Poincare section of the dynamics defined by the Hamiltonian (1) for the case of
two on-resonance waves, v1 = 9, v2 = 10, El = 2= 3.24. The initial condition is 1(0) = 32
and 6(0) = 0.947r.
Figure 2: Same as Fig. 1 except for the wave amplitudes: 61 = 62 = 0.324.
Figure 3: Orbit solution of H = const for the same parameters as in Figure 2.
Figure 4: Set of orbits solution of H = const when the constant is the same as in Fig.
3.
Figure 5: Poincar4 section of the dynamics defined by (1) in the case of two waves such
that ni = 9, n 2 = 11, El = E2 = 3.24, and having the same wavenumbers. The initial
condition corresponds to 1(0) = 32 and 6o = 0.47r.
Figure 6: Solution of f = C for two on-resonance waves such that n1 = 9, n 2 = 10,
1- = E2 = 3.24, k, = 1 and k2 = 0.9. The constant C corresponds to an initial condition
such that 1(0) = 32 and <b(0) = 0.947r.
Figure 7: Poincar6 section of the dynamics defined by (1) for two on-resonance waves having
the same characteristics as in Fig. 6, and for the same initial condition as in Fig. 6.
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Figure 8: Solution of H = const for two on-resonance waves such that n, = 9, n2 = 10,
1- = -2 = 3.24, k, = 1 and k2 = i/v'Z. The constant corresponds to an initial condition
such that 1(0) = 32 and 4(0) = 0.947r.
Figure 9: Poincar6 section of the dynamics defined by (1) for two on-resonance waves having
the same characteristics as in Fig. 8, and for the same initial condition as in Fig. 8.
Figure 10: Solution of H = const for four on-resonance waves such that n, = 9, n2 = 10,
n= 11, n4 = 12, -, = 3.24, 62 = 3.078, e3 = 3.321, C4 = 3.159, k, = 1 and k2 = 0.95,
k3 = 1.02, k4 = 0.98. The constant corresponds to an initial condition such that 1(0) = 32
and 4)(0) = 0.947r.
Figure 11: Poincar6 section of the dynamics defined by (1) for the same parameters as
in Fig. 10.
Figure 12: Poincar6 section of the dynamics defined by (1) for four waves such that n, = 9,
n2 = 10, n3 = 11, n4 = 12, E, = 62 = 63 = E4 = 3.24, kj = 1, k2 = 0.85, k3 = 0.7, k 4 = 0.6.
The initial condition is 1(0) = 31.5, 0(0) = 0.
Figure 13: Poincar6 section of the dynamics defined by (1) in the case of three waves such
that vi = 9, v2 = 10, v3 = 8.25, Ei = 62 = 0.2592, e3 = 2.025, k, = k2 = k3. The initial
26
condition is 1(0) = 32, 0(0) = 0.77r.
Figure 14: Same as Fig. 13 except for E3 = 2.1222.
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